n and k are the word length and dimension of C(X, P, G), respectively, and D is the order of the permutation group on d symbols.
Proof of Theorem 1.1
From now on we use the standard notations as in reference [13] . Let X be a projective, absolutely irreducible, nonsingular curve defined over F q , let P = {P 1 , P 2 , . . . , P n } be a set of distinct F q -rational points, and let G be a F q -rational divisor (see [10] ) for which 2g(X) − 2 < deg(G) < n. The geometric codes C(X, P, G) are defined to be the image of the map from L(G) to F n q given by f → (f(P 1 ), f(P 2 ), . . . , f(P n )).
It is well known that, for any j satisfying 0 ≤ j ≤ k−1 (where k = deg(G)−g(X)+1, the dimension of C(X, P, G)), we have dim L(G − P i 1 − P i 2 − · · · − P i j ) ≥ deg(G) − j − g(X) + 1 for any j distinct points P i 1 , P i 2 , . . . , P i j in the set P. If the geometric codes C(X, P, G) are MDS, then the identity holds (see [13] ). When j = k − 1 the condition we discuss above
These two cases will be used below.
Lemma 2.1. Let X be a genus-g hyperelliptic curve over F q and let P = {P 1 , P 2 , . . . , P n } be a set of F q -rational points on X. Suppose n > q + 1 and q satisfies (q + 1)/4 > g √ q + g + 3.
(When g is fixed there is a constant q 0 depending only on g such that the above condition is satisfied when q > q 0 .) Then there exist at least [n/4] pairs of F q -rational points (P
where g 2 1 is within the unique complete linear system of dimension 1 and degree 2 on X (see [15] ).
Proof. This lemma, essentially due to Munuera [13] , follows from Weil's bound and our condition (see [13, page 1577] Proof. It is a well-known fact in algebraic geometry that any complete linear system of degree ≤ g is of the form rg 2 + p 1 + p 2 + · · · + p d−2r [1] . Therefore our conclusion follows from it and our condition.
Lemma 2.3. Let X be a genus-g hyperelliptic curve defined over F q with q > q 0 (as in Lemma 2.1), and let C(X, P, G) be an MDS geometric code on X as above. Suppose k = dim C(X, P, G) ≤ n/2 is an odd number. Then the complete linear system |G − P
as in Lemma 2.1) has no base point. Here we assume the length n ≥ q + 1.
Proof. Take any Q ∈ P − {P
}, consider the complete linear system of dimension 1 and degree g + 1 |G − P
− Q|, and apply Lemma 2.2. We have that the only possible base point of the complete linear system in our lemma is Q. Then, with two different points in P − {P
}, we get the conclusion. Lemma 2.4. Let S = {S 1 , S 2 , . . . , S n } be a set of points in P 2 F q , and let no three points in S lie on a line; then n ≤ q + 1 for q odd and n ≤ q + 2 for q even.
Lemma 2.4 . Let S = {S 1 , S 2 , . . . , S n } be a set of points in P 4 F q , and let any five points of S span the whole space P 4 q ; then n ≤ q + 1.
Proof. These two lemmas are just the main conjecture of MDS codes when k = 3 and k = 5, which are proved by using finite geometries (see [12] ).
Proof of Theorem 1.1. As in [13] we can assume that k = dim C(X, P, G) ≤ n/2, and we have at least [n/4] pairs of points as in Lemma 2.1 if the main conjecture is not true.
When k is even a similar argument as in [13] leads to contradiction. When k is odd we consider the complete linear system |G − P
It is proved that it has no base point and defines an F q -morphism ϕ : X → P 2 F q . Therefore we have three points, say ϕ(P 1 ), ϕ(P 2 ), ϕ(P 3 ), which are colinear for q odd by Lemma 2.4.
Then the divisor in the complete linear system |G − P
| which corresponds to this line (i.e., a hyperplane in P 2 F q ) contains P 1 , P 2 , P 3 , and hence we can adjust the pairs of (P t 1 , P t 2 ) where t = 1, 2, . . . , (k − 3)/2 for which P 1 or P 2 or P 3 appears. We get the conclusion for q odd. For q even, the same argument applies, except the k − 3 is replaced by k − 5 (for k = 3 the q + 2 is enough), P 2 F q is replaced by P 4 F q , and Lemma 2.4
is used in place of Lemma 2.4. The conclusion follows.
Proof of Theorem 1.2
The following two lemmas are the key ingredients of the proof for Theorem 1.2. 
The last inclusion here is the well-known Segre morphism (see [7, page 13] ). It can be proved that S is an irreducible surface with a fixed degree (depending only on the degree of X) in P N (K) which is defined over F q . Then the main result of [10] implies that the number of F q -rational points of S satisfies the inequality
Here A (d) is a constant depending only on d.
On the other hand, there are at most q
2)/2 is the genus of X and only depends on d) F q -rational points by Hasse-Weil bound.
Therefore a suitable choice of A(d) makes the conclusion true. Proof. This proof is analogous to that of Lemma 3.1.
The detailed proof of Lemma 3.1 and Lemma 3.2 can be found in our original paper [4] . The point is that a uniform constant for all X with the same degree d can be chosen according to the classical result of S. Lang and A. Weil. By using Lemma 3.1 and Lemma 3.2, we now give a proof of our main result, which is a natural generalization of the d = 3 case, i.e., the proof of main conjecture of MDS elliptic codes in [9] and [13] (see [4] ).
Proof of Theorem 1.2. First of all we assume that the C(X, P, G) is an MDS code with
and word length n = the cardinality of q + 2. As in [13] we only need to find a divisor E = P 1 + P 2 + · · · + P k−2 with P i 's being distinct points in P, and that for any two given points P k−1 and P k in P there is an E = P 1 + P 2 + · · · + P k−2
with P i 's distinct in P, such that no P i is P k−1 or P k , and E is a linear equivalent to E. (1) They are distinct.
are the linear equivalent over F q .
For any k as above we have that ) to other brackets of divisors. We get our conclusion.
By a result on k-arcs in [8] , our theorem is proved.
After our work announced here was completed the author learned that the main conjecture of hyperelliptic MDS codes was also proved by M. A. de Boer (see [5] ) when q > C. For the main conjecture of general geometric codes, de Boer has a partial (unpublished) result similar to our Theorem 1.2. In the case of Theorem 1.1 our constant C is much better than de Boer's (see [5] ). For Theorem 1.2 our range of the dimension C(X, P, G) is larger than de Boer's when his general result is applied to MDS codes from plane curves (see [6] ).
